ON THE ISOMORPHISM CONJECTURE FOR 
GROUPS ACTING ON TREES 

S.K. ROUSHON 

Abstract. We study the Fibered Isomorphism conjecture of Far- 
rell and Jones for groups acting on trees. We show that under 
certain conditions the conjecture is true for groups acting on trees 
when the stabihzers satisfy the conjecture. These conditions are 
satisfied in several cases of the conjecture. We prove some general 
results on the conjecture for the pseudoisotopy theory for groups 
acting on trees with residually finite vertex stabilizers. In particu- 
lar, we study situations when the stabilizers belong to the following 
classes of groups: polycyclic groups, finitely generated nilpotent 
groups, closed surface groups, finitely generated abelian groups 
and virtually cyclic groups. 

Finally, we provide explicit examples of groups for which we have 
proved the conjecture in this article and show that these groups 
were not considered before. Furthermore, we deduce that these 
groups are neither hyperbolic nor CAT{0). 
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1. Introduction and statements of Theorems 

In this article we study the Fibered Isomorphism conjecture of Farrell 
and Jones for groups acting on trees. Originally the conjecture was 
stated for the pseudoisotopy theory, algebraic X-theory and for L- 
theory. Here we prove some results for the pseudoisotopy theory case of 
the conjecture. The methods of proofs of our results hold for the other 
theories under certain conditions. We make these conditions explicit 
here. It is well known that the pseudoisotopy version of the conjecture 
yields computations of the Whitehead groups and lower i^-groups of 
the associated groups and also implies the conjecture in lower fC-theory 
(that is in dimension < 1). The main problem we are concerned with 
is the following. 

Problem. Assume the Fibered Isomorphism conjecture for the stabiliz- 
ers of the action of a group on a tree. Show that the group also satisfies 

the conjecture. 

A particular case of the problem is to show that the conjecture is 
true for a generahzed free product Gi*hG2 {H N N -extension G*h) of 
groups assuming it is true for the groups Gi, G2 and H {G and H). 

In [18] (reduction theorem) we solved the problem when the edge 
stabilizers are trivial. In this article we show it when the edge stabilizers 
are finite and in addition either the vertex stabilizers are residually 
finite or the group surjects onto another group with certain properties. 
We also solve the problem, under a certain condition, assuming that the 
vertex stabilizers are polycyclic. This condition is both necessary and 
sufficient for the fundamental group to be subgroup separable when the 
vertex stabilizers are finitely generated nilpotent. We further consider 
cases when the stabilizers are virtually cyclic or surface groups. Next, 
we prove a result when the stabilizers are finitely generated abelian. 
Graph of groups of the last type were studied before in [23] where the 
L-theory was computed when the stabilizers are finitely generated free 
abelian groups. We note that in this case the result in [23] implies the 
L-theory version of the Isomorphism conjecture. 

Finally, in Examples 8.1, 8.2 and 8.3 we provide explicit examples of 
groups for which we have proved the Fibered Isomorphism conjecture 
in the pseudoisotopy case in this paper and show that these groups 
were not considered before. We further show that the groups in these 
examples are neither CAT{0) nor hyperbolic. Here we note that in a 
recent paper ([2]) Bartels and Liick have proved the Fibered Isomor- 
phism conjectures in L- and lower X-theory case for hyperbolic groups 
and for CAT(0)-groups which act on finite dimensional CAT'(0)-spaces. 
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Before we come to the statements of the main results let us recall 
that a graph of groups consists of a graph Q (that is an one-dimensional 
CVF-complex) and to each vertex v or edge e of Q there is associated a 
group (called the vertex group of the vertex v) or (called the edge 
group of the edge e) respectively with the assumption that for each 
edge e and for its two end vertices v and w (say) there are injective 
group homomorphisms Qe — ^ Gv and Qe —>■ Qw The fundamental group 
7ii{Q) of the graph Q can be defined so that in the simple cases of 
graphs of groups where the graph has two vertices and one edge or one 
vertex and one edge the fundamental group is the amalgamated free 
product or the iJA^A^-extension respectively. See [7] for some more on 
this subject. 

Throughout the article we make the following conventions: 

1. A graph is assumed to be locally finite and connected. 2. We use 
the same notation for a graph of groups and its underlying graph. Vg 
and Eg denotes respectively the set of all vertices and edges of Q. 3. 
And a group is assumed to be countable. 

Recall that given two groups G and H the wreath product G I H is 
by definition the semidirect product G^ x H where the action of H on 
G^ is the regular action and G^ denotes the direct sum of copies of G 
indexed by the elements of H. 

Now wc state our main results. 

In the statements of the results we say that the FIC^ (FlCwF-^) is 
true for a group G if the Farrell- Jones Fibered Isomorphism conjecture 
for the pseudoisotopy theory is true for the group G (for G I H for any 
finite group H). We mention here that the advantage of taking the 
FICwF^ is that it passes to finite index over-groups (see Proposition 
5.2). 

Theorem 1.1. Let Q be a graph of groups so that the edge groups 
are finite. Then T^iiG) satisfies the FICwF^ if one of the following 

conditions is satisfied. 

(1) . The vertex groups are residually finite and satisfy the FICwF^ . 

(2) . There is a homomorphism f : 7ri(^) Q onto another group 
Q so that the restriction of f to any vertex group has finite kernel and 
Q satisfies the FICwF^ . 

This Theorem is a special case of Proposition 2.2 (1) respectively 
Proposition 2.1 [h). See Section 7. 

Remark 1.1. Here we remark that there is a large class of residually 
finite groups for which the FICwF^ is true. For example, any group 
which contains a group from the following examples as a subgroup of 
finite index is a residually finite group satisfying the FICwF^. 
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1. Poly cyclic groups ([8]^). 

2. Artin full braid groups ([11], [20]). 

3. Compact 3-manifold groups ([18], [19]). 

4. Compact surface groups ([8]). 

5. Fundamental groups of hyperbolic Riemannian manifolds ([8]). 

6. Crystallographic groups ([8]). 

Definition 1.1. A graph of groups Q is said to satisfy the intersection 
property if for each connected subgraph of groups Q' of Q, r\e^Eg,G'e 
contains a subgroup which is normal in tti {Q') and is of finite index in 
some edge group. We say Q is of finite-type if the graph is finite and 
all the vertex groups are finite. 

Theorem 1.2. Let Q be a graph of groups. Let V he a collection of 
finitely generated groups satisfying the following. 

• Any element C ^ V has the following properties. Quotients 
and subgroups of C belong to V. C is residually finite and the 
FICwF^ is true for the mapping torus C xi {t) for any action 
of the infinite cyclic group (t) on C . 
Assume that the vertex groups of Q belong to D. Then the FICwF^ 
is true for 7ii{Q) if Q satisfi,es the intersection property. 

Theorem 1.2 is a special case of Proposition 2.2 (2) and is proved in 
Section 7. 

As a consequence of Theorem 1.2 we prove the following. 

Let us first recall that a group G is called subgroup separable if the 
following is satisfied. For any finitely generated subgroup H oi G and 
g & G — H there is a finite index normal subgroup i^T of G so that 
H a K and g e G — K. Equivalently, a group is subgroup separa- 
ble if the finitely generated subgroups of G are closed in the profinite 
topology of G. A subgroup separable group is therefore residually fi- 
nite. The classes of subgroup separable and residually finite groups are 
extensively studied in group theory and manifold topology. 

Definition 1.2. Let ^ be a graph of groups. An edge e of ^ is called 
a finite edge if the edge group Qe is finite. Q is called almost a tree 
of groups if there are finite edges ei, 62, . . . so that the components of 

■"^By an email, dated July 11, 2008, Wolfgang Liick informed me that the proof 
of the FIC^ for a certain class of polycyclic groups as stated in theorem 4.8 in 
[8] is not yet complete. However, this result and the corresponding result in the 
i-theory case of the conjecture were already used by several authors in published 
papers. The work on completing these proofs is in progress. We note here that if a 
polycyclic group G is also virtually nilpotent then the FIC^ for G is already proved 
in lemma 4.1 in [8]. I thank F.T. Farrell for pointing this out. 
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Q — {ei,e2, . . .} are trees. If we remove all the finite edges from a 
graph of groups then the components of the resulting graph are called 
component subgraphs. 

Theorem 1.3. Let Q be a graph of finitely generated groups. Then 
the FICwF^ is true for 7ii{Q) if one of the following five conditions is 

satisfied. 

(1) . The vertex groups are virtually polycyclic and Q satisfies the 
intersection property. 

(2) . The vertex groups ofQ are finitely generated nilpotent andTTi{Q) 
is subgroup separable. 

(3) . The vertex and the edge groups of any component subgraph (see 
Definition 1.2) are fundamental groups of closed surfaces of genus > 2. 
Given a component subgraph 7i which has at least one edge there is a 
subgroup C < fleeE^Tie which is finite index in some edge group and is 
normal in ni(TC). 

(4) . The vertex groups are virtually cyclic and the graph is almost 
a tree. Further assume that either the edge groups are finite or the 
infinite vertex groups are abelian. 

(5) . Q is almost a tree of groups and the vertex and the edge groups 
of any component subgraph of Q are finitely generated abelian and of 
the same rank. 

For examples of graphs of groups satisfying the hypothesis in (3) see 
Example 3.1. 

In the next section we start with stating the general Fibered Isomor- 
phism conjecture for equivariant homology theory ([!]). We show that 
under certain conditions a group acting on a tree satisfies this general 
conjecture provided the stabilizers also satisfy the conjecture. Then 
we restrict to the pseudoisotopy case of the conjecture and prove the 
Theorems. 

We work in this general setting as we will apply these methods in 
the L-theory version of the conjecture in later work ([21], [22]). We 
will see that using these methods we can prove some stronger results 
in the L-theory case. 

Acknowledgment. This work started during my visit to the Math- 
ematisches Institut, Universitat Miinster, Miinster, Germany under a 
Fellowship of the Alexander von Humboldt-Stiftung. I would like to 
thank my host Wolfgang Liick for making this visit possible. I would 
also like to thank Arthur Bartels for some useful comments during the 
initial stage of this work. Finally thanks to Henrik Rueping for pointing 
out an error in an earlier version of the paper. 
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2. Statements of the conjecture and some propositions 

In this section we recall the statement of the Isomorphism conjecture 
for equivariant homology theories (see section 1 in [1]) and state some 
propositions. 

Let Til be an equivariant homology theory with values in i?-modules 
for R a commutative associative ring with unit. An equivariant ho- 
mology theory assigns to a group G a G-homology theory TYf which, 
for a pair of G-CW complex {X,A), produces a Z-graded i?-module 
T-Cn{X,A). For details see section 1 in [14]. 

A family of subgroups of a group G is defined as a set of subgroups 
of G which is closed under taking subgroups and conjugations. If C 
is a class of groups which is closed under isomorphisms and taking 
subgroups then we denote by C{G) the set of all subgroups of G which 
belong to C. Then C{G) is a family of subgroups of G. For example VC, 
the class of virtually cyclic groups, is closed under isomorphisms and 
taking subgroups. By definition a virtually cyclic group has a cychc 
subgroup of finite index. Also TZM ., the class of finite groups is closed 
under isomorphisms and taking subgroups. 

Given a group homomorphism (f) : G ^ H and a family C of sub- 
groups of H define 4>*C to be the family of subgroups {K < G \ 4>{K) e 
C} of G. Given a family C of subgroups of a group G there is a G- 
CW complex EciG) which is unique up to G-equivalence satisfying the 
property that ioi H E C the fixpoint set Ec{G)^ is contractible and 
^c(G')^ = for not in C. 

(Fibered) Isomorphism conjecture, (definition 1.1 in \\]) Let Hi 
be an equivariant homology theory with values in R-modules. Let G be 
a group and C he a family of subgroups of G. Then the Isomorphism 
conjecture for the pair {G, C) states that the projection p : Ec{G) pt 
to the point pt induces an isomorphism 

n^ip) ■■ K{Ee{G)) ^ n^ipt) 

for n e Z. 

And the Fibered Isomorphism conjecture for the pair {G,C) states 
that for any group homomorphism (f) : K ^ G the Isomorphism con- 
jecture is true for the pair {K, (f)*C) . 

Let C be a class of groups which is closed under isomorphisms and 
taking subgroups. 

Definition 2.1. If the (Fibered) Isomorphism conjecture is true for 
the pair {G,C{G)) we say that the (F)ICc is true for G or simply say 
(F)ICc{G) is satisfied. Also we say that the (F)ICwFc{G) is satisfied 
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if the (F)ICc is true for G I H for any finite group H. Finally a group 
homomorphism p : G — > X is said to satisfy the FICc or the FICwFc 
if for H e p*C{K) the FICc or the FICwFc is true for H respectively. 

Let us denote by P, K, L, and KH the equivariant homology theo- 
ries arise in the stable topological pseudoisotopy theory, algebraic K- 
theory, L-thcory and in the homotopy iT-thcory ([1]) respectively. The 
conjectures corresponding to these equivariant homology theories are 
denoted by (F)IC^ (or FICwF^) where X ^ P,K,L or KH respec- 
tively. For the first three theories wc shorten the notation (F)ICyc 
(or FICwF^c) to (F)IC^ (or FlCwF^). And wc shorten (F)lCf|5v^ (or 
FICwFfi^) to (F)IC^^ (or FICwF^^). The Isomorphism conjectures 
(F)IC'^, (F)IC-^ and (F)IC^ are equivalent to the Farrell- Jones conjec- 
tures stated in (§1.7) §1.6 in [8]. (For details see section 5 and 6 in 
[1] for the K and L theories and see 4.2.1 and 4.2.2 in [15] for the 
pseudoisotopy theory.) 

Definition 2.2. We say that Tq {wTc) is satisfied if for a graph of 
groups Q with vertex groups from the class C the FICc (FICwFc) for 
T^i{Q) is true. 

Let us now assume that C contains all the finite groups. We say that 

tTc if 1c) is satisfied if for a graph of groups Q with trivial (finite) edge 
groups and vertex groups belonging to the class C, the FICc for vri((y) 
is true. If we replace the FICc by the FICwFc then we denote the 
corresponding properties by ^^Tc ( wfTc)- Clearly ^7c implies Tc and 
yJ^J'c implies *7c where * = t or f. 

And wc say that Vc is satisfied if for Gi, G2 ^ C the product Gi x G2 
satisfies the FICc. 

TVc is satisfied if whenever the FICc is true for two groups Gi and 
G2 then the FICc is true for the free product Gi * G2. 

We denote the above properties for the equivariant homology theories 
P, K, L or KH with only a super-script by P, K. L or KH respectively. 
For example, Tc for P is denoted by T^^ since in all the first three cases 
we set C = VC and for KH we set C = TIAf. 

We will show in this article and in [21] that the above properties are 
satisfied in several instances of the conjecture. 

For the rest of this section we assume that C is also closed under 
quotients and contains all the finite groups. 

Proposition 2.1. (Graphs of groups). Let C = J-'IJ\f or VC. Let 
Q be a graph of groups and there is a homomorphism f : 7ii{Q) — > Q 
onto another group Q so that the restriction of f to any vertex group 
has finite kernel. If the FICc{Q) (FICwFc{Q) ) is satisfied then the 



8 



S.K. ROUSHON 



FICc{'n'i{Q)) (FICwFc{ni{Q))) is also satisfied provided one of the fol- 
lowing holds. (In the FICwFc-case in addition assume that Vc is sat- 
isfied.) 

(a). Tc (wTc) is satisfied. 

(6). The edge groups of Q are finite and fTc (wf'^c) is satisfied. 
(c). The edge groups of Q are trivial and tic (wtTe) is satisfied. 

Proposition 2.1 will be proved in Section 5. 

For definition of continuous Hi in the following statement see defi- 
nition 3.1 in [1]. Also see Proposition 5.1. 

Proposition 2.2. (Graphs of residually finite groups) Assume 
that Vc and wtTc are satisfied. Let Q be a graph of groups. If Q is 

infinite then assume that Hi is continuous. 

(1) . Assume that the edge groups ofQ are finite and the vertex groups 
are residually finite. If the FICwFc is true for the vertex groups of Q, 
then it is true for HiiQ). 

For the next three items assume that C = VC. 

(2) . Let V be the collection of groups as defined in Theorem L2 
replacing 'FlCwF^ ' by 'FICwFyc '■ Assume that the vertex groups of 
Q belong to T>. Then the FICwFyc is true for 7ri(^) if Q satisfies the 
intersection property. 

(3) . Assume that the vertex groups of Q are virtually polycyclic and 
the FICwFyc is true for virtually polycyclic groups. Then the FICwFyc 
is true for 'KiiG) provided either Q satisfies the intersection property or 
the vertex groups are finitely generated nilpotent and t^\{G) is subgroup 
separable. 

(4) . Assume that the vertex and the edge groups of any component 
subgraph (see Definition 1.2) are fundamental groups of closed surfaces 
of genus > 2 and for every component subgraph H which has at least 
one edge there is a subgroup C < r\eer(He which is of finite index in 
some edge group and is normal in ni{H). Then the FICwFyc is true 
for 7ri(^) provided the FICwFyc is true for the fundamental groups of 
closed 3-manifolds which fibers over the circle. 

Let denote a countable infinitely generated free group and Z°° 
denotes a countable infinitely generated abefian group. Also G >\ H 

denotes a semidirect product with respect to an arbitrary action of H 
on G. When H is infinite cyclic and generated by the symbol t, we 
denote it by (t) 

Proposition 2.3. (Graphs of abehan groups). Let Q be a graph 
of groups whose vertex groups are finitely generated abelian and let Hi 
be continuous. 
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(1) . Assume that the FICyc is true for F°° x {t) and that Vvc is 
satisfied. Then the FICyc is true for 7ri{Q) provided one of the following 
holds. 

(a). Q is a tree and the vertex groups of Q are torsion free. 

For the next two items assume that the FICwFyc is true for F°° x (t) . 

(h) . Q is a tree. 

(c). Q is not a tree and the FICyc is true for Z°° xi (t) for any 
countable infinitely generated abelian group Z°°. 

(2) . Assume that Pvc (md wt^vc cl^^ satisfied. Further assume that 
Q is almost a tree of groups and the vertex and the edge groups of any 
component subgraph of Q have the same rank. Then the FICwFyc is 
true for ni{Q) provided one of the fallowings is satisfied. 

(i) . The FICwFvc is true for x {t) for any countable infinitely 
generated abelian group 

(a). The vertex and the edge groups of any component subgraph of 
Q have rank equal to 1. 

(3) . The IC^xN ^'^ f^''^ '^i(^) provided the vertex groups of Q are 
torsion free. 

In (1) of Proposition 2.3 if we assume that the FICwFyc is true for 
X (t) and for x (t) then one can deduce from the same proof, 
using (3) of Proposition 5.2 instead of Lemma 5.2, that the FICwFyc 
is true for 7ri(^) irrespective of whether ^ is a tree or not. 

Proposition 2.4. {y,T^). Let Q be a graph of virtually cyclic groups 

so that the graph is almost a tree. Further assume that either the edge 
groups are finite or the infinite vertex groups are abelian. Then the 
FICwF^ is true for 7Ti{Q). 

An immediate corollary of the Proposition is the following. 

Corollctry 2.1. {y^fT^). ^/T^ (and hence wt^^ ) is satisfied. 

Remark 2.1. We remark here that it is not yet known if the FIC"^ 
is true for the HNN-extension G = C*c, with respect to the maps 
id : C ^ C and f : C C where C is an infinite cyclic group, id is 
the identity map and f{u) = for u & C. This was already mentioned 
in the introduction in [10]. Note that G is isomorphic to the semidirect 
product Z[|] X (t), where t acts on Z[|] by multiphcation by 2. The 
main problem with this example is that Z[|] x (t) is not subgroup 
separable. 

Now we recall that a property {tree property) similar to Tc was de- 
fined in definition 4.1 in [1]. The tree property of [1] is stronger than 
Tc. Corollary 4.4 in [1] was proved under the assumption that the tree 
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property is satisfied. In the following proposition we state that this is 
true with the weaker assumption that Tj^i^f is satisfied. The proof of 
the Proposition goes exactly in the same way as the proof of corollary 
4.4 in [1]. It can also be deduced from Proposition 2.1. 

Proposition 2.5. Let l^K^G^Q^l he an exact sequence of 
groups. Assume that T^^xM ^-^ satisfied and K acts on a tree with finite 
stabilizers and that the FICj^xMiQ) is satisfied. Then the FICj^xm^G) 
is also satisfied. 

3. Graphs of groups 

In this section we prove some results on graphs of groups needed for 
the proofs of the Theorems and Propositions. 

We start by recalling that by Bass-Serre theory a group acts on a 
tree without inversion if and only if the group is isomorphic to the 
fundamental group of a graph of groups (the structure theorem 1.4.1 in 
[7]). Therefore, throughout the paper by 'action of a group on a tree' 
we will mean an action without inversion. 

Lemma 3.1. Let Q he a finite and almost a tree of groups (see Defini- 
tion 1.2). Then there is another graph of groups 7i with the following 
properties. 

(1) . 7r,{g)-7T,{n). 

(2) . Either Ti. has no edge or the edge groups ofTi are finite. 

(3) . The vertex groups of Ti are of the form 7ri(/C) where JC varies 
over subgraphs of groups of Q which are maximal with respect to the 
property that the underlying graph of K is a tree and the edge ( if there 
is any) groups of K are all infinite. 

Proof. The proof is by induction on the number of finite edges of the 
graph. Recall that an edge is called a finite edge if the corresponding 
edge group is finite (Definition 1.2). If the graph has no finite edge 
then by definition of almost a graph of groups ^ is a tree. In this case 
we can take 7^ to be a graph consisting of a single vertex and associate 
the group 'Ki{Q) to the vertex. So assume Q has n finite edges and that 
the Lemma is true for graphs with < n — 1 finite edges. Let e be an 
edge of Q with Qe finite. HQ — {e} is connected then i^iiQ) — 7ri(^i)*gg 
where — {e}isa graph with n — 1 finite edges. By the induction 

hypothesis there is a graph of groups Tii satisfying (1), (2) and (3) for 
Qi. Let Vi and f 2 be the vertices of Q to which the ends of e arc attached 
and let v[ and v'^ be the vertices of Tii so that is a subgroup of 
for i = 1, 2. (Note that vi and V2 could be the same vertex). Define H. 
by attaching an edge e' to TYi so that the ends of e' are attached to v[ 
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and V2 and associate the group Qe to e'. The injcctivc homomorphisms 
He' — H-t,'. for i = 1,2 are defined by the homomorphisms Qg — > Qy^. 
It is now easy to check that TC satisfies (1),(2) and (3) for On 
the other hand if ^ — {e} has two components say Qi and Q2 then 
Tii{Q) ~ 7ii{Qi) 7ri(^2) where Qi and Q2 has < n — 1 finite edges. 
Using the induction hypothesis and a similar argument as above we 
complete the proof of the Lemma. □ 

Lemma 3.2. A finitely generated group contains a free subgroup of 
finite index if and only if the group acts on a tree with finite stabilizers. 
And a group acts on a tree with trivial stabilizers if and only if the 
group is free. 

Proof. By theorem IV. 1.6 in [7] a group contains a free subgroup of 
finite index if and only if the group acts on a tree with finite stabilizers 
and the stabilizers have bounded order. The proof of the Lemma now 
follows easily. □ 

We will also need the following two Lemmas. 

Lemma 3.3. Let Q be a graph of finitely generated abelian groups so 

that the underlying graph of Q is a tree. Then the restriction of the 
abelianization homomorphism 7ri(^) — > Hi{t:i{Q),Z) to each vertex 
group of the tree of groups Q is injective. 

Proof. If the tree Q is finite and the vertex groups are finitely gener- 
ated free abelian then it was proved in lemma 3.1 in [23] that there 
is a homomorphism 7ri{Q) A onto a free abelian group so that 
the restriction of this homomorphism to each vertex group is injec- 
tive. In fact it was shown there that the abelianization homomor- 
phism 7Ti{Q) — > Hi{ni{Q),Z) is injective when restricted to the vertex 
groups and then since the vertex groups are torsion free 7ri(^) — > ^4 = 
Hi{7ri{Q),'Ij)/ {torsion} is also injective on the vertex groups. The 
same proof goes through, without the torsion free vertex group as- 
sumption, to prove the Lemma when Q is finite. Therefore we mention 
the additional arguments needed in the infinite case. At first write Q 
as an increasing union of finite trees Qi of finitely generated abelian 
groups. Consider the following commutative diagram. 



Note that the left hand side vertical map is injective. And by the fi- 
nite tree case the restriction of the two horizontal maps to each vertex 
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group of the respective trees are injective. Now since group homol- 
ogy and fundamental group commute with direct limit, taking limit 
completes the proof of the lemma. □ 

Lemma 3.4. Let Q be a finite graph of finitely generated groups satis- 
fying the following. 

P. Each edge group is of finite index in the end vertex groups of the 
edge. Also assume that the intersection of the edge groups contains a 
subgroup C (say) which is normal in t^\{Q) and is of finite index in 
some edge (e say) group. 

Then tii{Q)/C is isomorphic to the fundamental group of a finite-type 
(see Definition 1.1) graph of groups. Consequently Q has the intersec- 
tion property. 

Proof. The proof is by induction on the number of edges of the graph. 

Induction hypothesis. {IHn) For any finite graph of groups Q with 
< n edges which satisfies P, t:\{Q)/C is isomorphic to the fundamental 
group of a graph of groups whose underlying graph is the same as that 
of Q and the vertex groups are finite and isomorphic to Q^/C where 
V e Vg. 

If Q has one edge e then C < Q^. and C is normal in t^i{Q). First 

assume e disconnects Q. Since Qe is of finite index in the end vertex 
groups and C is also of finite index in Qe, C is of finite index in the end 
vertex groups of e. Therefore 7ii{Q)/C has the desired property. The 
argument is same when e does not disconnect Q. 
Now assume Q has n edges and satisfies P. 

Let us first consider the case that there is an edge e' other than e so 
that Q — {e'} = V (say) is a connected graph. Note that V has n — 1 
edges and satisfies P. 

Hence by IHn-i, t:\{V)/C is isomorphic to the fundamental group 
of a finite-type graph of groups with T) as the underlying graph and 
the vertex groups arc of the form D^jC . 

Let V be an end vertex of e'. Then V^/C is finite. Also by hypothesis 
Qe' is of finite index in — Vy. Therefore Qe'/C is also finite. This 
completes the proof in this case. 

Now if every edge e' ^ e disconnects Q then Q — {e} is a tree. Let e' be 
an edge other than e so that one end vertex v' (say) of e' has valency 1 . 
Such an edge exists because Q — {e} is a tree. Let V = Q — ({e'} U {f '}). 
Then 7ri(^) ~ 7ri(I') *g^, Q^i . Let v" be the other end vertex of e' . Then 
by the induction hypothesis C is of finite index in Q^n = 'Dyii. Hence 
C is of finite index in Qe' ■ Also Qe' is of finite index in Qyi . Therefore 
C is also of finite index in Q^i. 

This completes the proof. □ 
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The following Lemma and Example give some concrete examples of 
graphs of groups with intersection property. 

Lemma 3.5. Let Q be a finite graph of groups so that all the vertex 

and the edge groups are finitely generated abelian and of the same rank 
r (say) and the underlying graph ofQ is a tree. Then \~\eeEgQe contains 
a rank r free abelian subgroup C which is norm,al in 'n:i{Q) so that 
T^i{G)IC is isomorphic to the fundamental group of a graph of groups 
whose underlying graph is Q and vertex groups are finite and isomorphic 
to Qv/C where v &Vg. 

Proof. The proof is by induction on the number of edges. If the graph 
has one edge e then clearly Qe is normal in 7ri((y), for Qe is normal in the 
two end vertex groups. This follows from Lemma 3.7. So by induction 
assume that the Lemma is true for graphs with < n — 1 edges. Let Q be 
a finite graph with n edges and satisfies the hypothesis of the Lemma. 
Consider an edge e which has one end vertex v (say) with valency 1. 
Such an edge exists because the graph is a tree. Let vi be the other 
end vertex of e. Then 7ri(^) ~ 7ri(^') g^. Here Q' = Q - ({e} U {v}). 
Clearly by induction hypothesis there is a finitely generated free abelian 
normal subgroup Ci < r\e'eEg,Q' e' of rank r of 'Ki{Qi) satisfying all the 
required properties. Now note that Ci fl = C' (say) is of finite index 
in Q'y^ and also in Ci and C has rank r. This follows from the following 
easy to verify Lemma. Now since Ci is finitely generated and C is of 
finite index in Ci we can find a characteristic subgroup C(< C) of 
Ci of finite index. Therefore C has rank r and is normal in tti{Q'), 
since Ci is normal in t:\{Q'). Obviously C is normal in Q^. Therefore, 
we again use Lemma 3.7 to conclude that C is normal in tii{Q). The 
other properties are clearly satisfied. This completes the proof of the 
Lemma. 

Lemma 3.6. Let G he a finitely generated abelian group of rank r. Let 
Gi, . . . ,Gk be rank r subgroups of G. Then n*Z^Gj is of rank r and of 
finite index in G. 

□ 

Example 3.1. Let G and H be finitely generated groups and let H be 
a finite index normal subgroup of G. Let / : — > G be the inclusion. 
Consider a finite tree of groups Q whose vertex groups are copies of G 
and the edge groups are copies of H . Also assume that the maps from 
edge groups to vertex groups (defining the tree of group structure) are 
/. Then Q has the intersection property. 

Lemma 3.7. Let G = Gi*h G2 be a generalized free product. If H is 
normal in both Gi and G2 then H is normal in G. 
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Proof. The proof follows by using the normal form of elements in a 
generahzed free product. See p. 72 in [16]. □ 

4. Residually finite groups 

In this section we recall and also prove some basic results we need 
on residually finite groups. For this section we abbreviate 'residually 
finite' by TZJ^. 

Lemma 4.1. The fundamental group of a finite graph of TZJ-' groups 
with finite edge groups is TZT. 

Proof. The proof is by induction on the number of edges. If there is 
no edge then there is nothing prove. So assume the Lemma for graphs 
with < n — 1 edges. Let ^ be a graph of groups with n edges and 
satisfies the hypothesis. It follows that 7ii{Q) ~ ni{Qi) *f 7ri(^2) or 
7ri{Q) ~ TTi{Qi)*F where F is a finite group and Qi satisfy the hypothesis 
of the Lemma and has < n — 1 edges. Also note that 7ri(^i) 7ri(^2) 
can be embedded as a subgroup in {ni{Qi) * vri(^2))*F- Therefore by 
the induction hypothesis and since free product of TZJ-' groups is again 
TZJ-' (see [12]) we only need to prove that, for finite H, G*h is TZJ-^ if 
so is G. But, this follows from [5] or theorem 2 in [6]. This completes 
the proof of the Lemma. □ 

Lemma 4.2. Let l^K^G^H^l be an extension of groups so 
that K and H are TZT . Assume that any finite index subgroup of K 
contains a subgroup K' so that K' is normal in G and G/K' is TZT. 
Then G is TZJ-'. 

Proof. Let g & G — K and g' E H he the image of g in H. Since H 
is TZJ^ there is a finite index subgroup H' of H not containing g'. The 
inverse image of H' in G is a finite index subgroup not containing g. 

Next let g E K — {1}. Choose a finite index subgroup of K not 
containing g. By hypothesis there is a finite index subgroup K' of K 
which is normal in G and does not contain g. Also G/K' is TZJ-'. Now 
applying the previous case we complete the proof. □ 

Lemma 4.3. Let Q be a finite graph of finitely generated TZT groups 
satisfying the intersection property. Assume the following. 'Given an 
edge e and an end vertex v of e, for every subgroup E of Qe which is 
normal in Q^, the quotient Qy/ E is again V.T . ' Then vri(^) is TZT . 

Proof. Using Lemma 4.1 we can assume that all the edge groups of Q 
are infinite. Now the proof is by induction on the number of edges of 
the graph Q. Clearly the induction starts because if there is no edge 
then the Lemma is true. Assume the result for all graphs satisfying 
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the hypothesis with number of edges < n — 1 and let Q he a graph 
of groups with n number of edges and satisfying the hypothesis of the 
Lemma. By the intersection property there is a normal subgroup K, 
contained in all the edge groups, of 7Ti{Q) which is of finite index in 
some edge group. Hence we have the following. 

K. 7ri(^)/i^ is isomorphic to the fundamental group of a finite graph 
of T^JF groups (by hypothesis the quotient of a vertex group by K is 
TZJ-') with n edges and some edge group is finite. Also it is easily seen 
that this quotient graph of groups has the intersection property. 

By the induction hypothesis and by Lemma 4.1 tti(Q)/K is TZT. 

Now we would like to apply Lemma 4.2 to the exact sequence. 

I ^ K ^ n^{g) ni{g)/K ^ I. 

Let be a finite index subgroup of K. Since K is finitely generated 
(being of finite index in a finitely generated group) we can find a finite 
index characteristic subgroup H' of K contained in H. Hence H' is 
normal in niiQ). It is now easy to see that K is satisfied if we replace 
K by H'. Hence ni{g)/H' is TIT. 

Therefore, by Lemma 4.2 7ri(^) is TZJ-". □ 

Lemma 4.4. Let Q be a finite graph of virtually cyclic groups so that 
either the edge groups are finite or the infinite vertex groups are abelian 
and the associated graph is almost a tree. Then 7ri(^) is TZ!F. 

Proof. Applying Lemma 4.1 and using the definition of almost a graph 
of groups we can assume that the graph is a tree and all the edge 
groups are infinite. Now using Lemma 3.5 we see that the hypothesis 
of Lemma 4.3 is satisfied. This proves the Lemma. □ 

Lemma 4.5. Let Q he a finite graph of groups whose vertex and edge 
groups are fundamental groups of closed surfaces of genus > 2. Also 
assume that the intersection of the edge groups contains a subgroup 
C (say) which is normal in t^i{Q) and is of finite index in some edge 
group. Then Hi{G) contains a normal subgroup isomorphic to the fun- 
damental group of a closed surface so that the quotient is isomorphic 
to the fundamental group of a finite-type graph of groups. Also 7ri(^) 
is TZT. 

Proof. We need the following Lemma. 

Lemma 4.6. Let S be a closed surface. Let G be a subgroup of 7ii{S). 
Then G is isomorphic to the fundamental group of a closed surface if 
and only if G is of finite index in 7ri{S). 



Proof. The proof follows from covering space theory. 



□ 
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Therefore, using the above Lemma wc get that the edge groups of Q 
are of finite index in the end vertex groups of the corresponding edges. 
Hence by Lemma 3.4 ni{Q)/C is the fundamental group of a finite-type 
graph of groups. This proves the first statement. 

Now by Lemma 4.1 7ri(^)/C is TZT. Next, by [4] closed surface 
groups are TZJ-. Then using the Lemma above, it is easy to check 
that the hypothesis of Lemma 4.2 is satisfied for the following exact 
sequence. 

l^C^7ri(6;)^7ri(6;)/C^L 
Hence 7ri(^) is TZT. □ 

5. Basic results on the Isomorphism conjecture 

In this section we recall some known facts as well as deduce some 
basic results on the Isomorphism conjecture. 

C always denotes a class of groups closed under isomorphisms and 
taking subgroups unless otherwise mentioned. 

We start by noting that if the FICc is true for a group G then the 
FICc is also true for any subgroup H of G. We will refer to this fact 
as the hereditary property in this paper. 

By the algebraic lemma in [1 1] if G is a normal subgroup of K then 
K can be embedded in the wreath product Gl{K/G). We will be using 
this fact throughout the paper without explicitly mentioning it. 

Lemma 5.1. If the FICwFc{G) is satisfied then the FICwFc{L) is also 
satisfied for any subgroup L of G. 

Proof. Note that given a group H, Ll H is a, subgroup oi G I H. Now 
use the hereditary property of the FICc. D 

Proposition 5.1. Assume that Hi is continuous. Let G be a group 

and G = Ujg/Gj where Gi 's are increasing sequence of subgroups of 
G so that the FICc{Gi) is satisfied for i & I. Then the FICc{G) is 
also satisfied. And if the FICwFc{Gi) is satisfied for i E I then the 
FICwFc{G) is also satisfied. 

Proof. The first assertion is the same as the conclusion of proposition 
3.4 in [1] and the second one is easily deducible from it, since given a 
group H,GlH^ Uiei{Gi IH). □ 

Remcirk 5.1. Since the fundamental group of an infinite graph of 
groups can be written as an increasing union of fundamental groups 
of finite subgraphs, throughout rest of the paper we consider only fi- 
nite graphs. The infinite case will then follow if the corresponding 
equivariant homology theory satisfies the assumption of Proposition 
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5.1. Examples of such equivariant homology theories are P, L, and 
KH. See Section 8. 

The following lemma from [1] is crucial for proofs of the results in this 
paper. This result in the context of the original Fibered Isomorphism 
conjecture ([8]) was proved in proposition 2.2 in [8]. 

Lemma 5.2. (lemma 2.5 in Let C be also closed under taking 
quotients. Let p : G ^ Q be a surjective group homomorphism and 
assume that the FICc is true for Q and for p. Then G satisfies the 
FICc. 

Proposition 5.2. Let C be as in the statement of the above Lemma. 
Assume that Vc is satisfied. 

(1) . If the FICc (FICwFc) is true for Gi and G2 then the FICc ( 
FICwFc) is true for Gi x G2. 

(2) . Let G be a finite index normal subgroup of a group K . If the 
FICwFc{G) is satisfied then the FICwFc{K) is also satisfied. 

(3) . Let p : G ^ Q be a group homomorphism. If the FICwFc is 
true for Q and for p then the FICwFc is true for G. 

Proof. The proof of (1) is essentially two applications of Lemma 5.2. 
First apply it to the projection Gi x G2 G2. Hence to prove the 
Lemma we need to check that the FICc is true for Gi x H for any 
H G C{G2). Now fix G ^(^2) and apply Lemma 5.2 to the projection 
Gi X H ^ Gi. Thus we need to show that the FICc is true ior K x H 
where K G C{Gi). But this is exactly Vc which is true by hypothesis. 

Next note that given a group H , (Gi x G2) I H is a subgroup of 
(Gi I H) X {G2 I H). Therefore the FICwFc is true for d x G2 if it is 
true for Gi and G2- 

For (2) let H = K/G. Then X is a subgroup oiGlH. Let L be a 
finite group then it is easy to check that 

KlL<{GlH)lL^ G"""^ x{HlL) 

< G^'^^ 1{HIL)< ^H^L\-times{G I (H I L)) . 

The isomorphism in the above display follows from lemma 2.5 in [10] 
with respect to some action of H I L on G^^^ (replace X hj A and 
y by i? in lemma 2.5 in [10]). The second inclusion follows from the 
algebraic lemma in [11]. 

Now using (1) and by hypothesis wc complete the proof. 

For (3) we need to prove that the FICc is true ioi GlH for any finite 
group H . We now apply Lemma 5.2 to the homomorphism G I H ^ 
QlH. By hypothesis the FICc is true for QlH. So let S eC{QlH). 
We have to prove that the FICc is true for p~^{S). Note that p'^iS) 
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contains p^^{S fl Q^) as a normal subgroup of finite index. Therefore 
using (2) it is enough to prove the FICwFc for p~^{S fl Q"). Next, 
note that S fl is a subgroup of Uh^HLh, where is the image of 
S n under the projection to the h-th coordinate of , and since 
C is closed under taking quotient Lh G C{Q). Hence p~^{S fl Q^) is 
a subgroup of UheHP^^iLh). Since by hypothesis the FICwFc is true 
for p~^[Lh) for h G H, using (1), (2) and Lemma 5.1 we see that the 
FICwFc is true for p~^{S fl Q^). This completes the proof. □ 

Corollciry 5.1. Vyc implies that the FICyc is true for finitely generated 
abelian group. 

Proof. The proof is immediate from (1) of Proposition 5.2 since the 
FICvc is true for virtually cyclic groups. □ 

Remark 5.2. In (2) of Proposition 5.2 if we assume that the FICc(G') 

is satisfied instead of the FICwFc (G) then it is not known how to 
deduce the FlCc(-ft'). Even in the case of the FICvc and when G is a 
free group it is open. However if G is free then the FIC^(A') is satisfied 
by results of Farrell- Jones. See the proof of Proposition 5.5 for details. 
Also using a recent result of Bartels and Liick ([2]) it can be shown by 
the same method that the FlC^(i^) is satisfied. 

Proposition 5.3. jTc (wt%:) implies that the FICc (FICwFc) is true 
for any free group. And if C contains the finite groups then fTc (wfTc) 
implies that the FICc (FICwFc) is true for a finitely generated group 
which contains a free subgroup of finite index. 

Proof. The proof follows from Lemma 3.2. □ 

Corollary 5.2. ^Tc (wtTc) and Vc imply that the FICc (FICwFc) is 

true for finitely generated free abelian groups. 

Proof. The proof is a combination of Proposition 5.3 and (1) of Propo- 
sition 5.2. □ 

Let denote a finitely generated free group of rank n. 

Lemma 5.3. Assume that the FICc is true for Z°° x {t) (F^ x (t) ) 

for any countable infinitely generated abelian group Z°°, then the FICc 
is true for Z" x (t) (F^ x (t) ) for all n e N. Here all actions of t on 
the corresponding groups are arbitrary. 

And the same holds if we replace the FICc by the FICwFc. 



Proof. The proof is an easy consequence of the hereditary property and 
Lemma 5.1. □ 
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Lemma 5.4. // the FICwFyc is true for xi (t) for any action oft 
on F°°, then Vyc is satisfied. 

Proof. Note that Z x Z is a subgroup of F°° (t), where the suffix 
't' denotes the trivial action of (t) on F°°. Hence the FICwFyc is true 
for Z X Z, that is the FICvc is true for [Z x Z)l F for any finite group 
F. On the other hand for two virtually cyclic groups Ci and C2 the 
product Ci X C2 contains a finite index free abelian normal subgroup 
(say H) of rank < 2, and therefore Ci x C2 is a subgroup oi H I F for 
a finite group F. Using the hereditary property we conclude that Vvc 
is satisfied. □ 

Proposition 5.4. The FICwF^ is true for any virtually polycyclic 
group. 

Proof. By proposition 2.4 in [8] the FIC^ is true for any virtually poly- 
infinite cyclic group. Also a polycyclic group is virtually poly-infinite 
cyclic. Now it is easy to check that the wreath product of a virtually 
polycyclic group with a finite group is virtually poly-infinite cyclic. 
This completes the proof. □ 

Since the product of two virtually cyclic groups is virtually polycyclic 
an immediate corollary is the following. But we give a proof of the 
Corollary independent of Proposition 5.4. 

CorollEiry 5.3. is satisfied. Also FICwF^ is true for any virtually 
cyclic group. 

Proof of Corollary 5.3. At first note that the FIC^ is true for virtually 

cyclic groups. Hence for the first part we only have to prove that the 
FIC^ is true for Vi x V2 where Vi and V2 are two infinite virtually cyclic 
groups. Note that Vi x V2 contains a finite index free abelian normal 
subgroup, say A, on two generators. Therefore Vi x V2 embeds m. AlH 
for some finite group H . Since A is isomorphic to the fundamental 
group of a fiat 2-torus, FIC^ is true for AlH . See fact 3.1 and theorem 
A in [11]. Therefore FIC^ is true for Vi x V2 by the hereditary property. 
This proves that is satisfied. 

The proof of the second part is similar since for any virtually cyclic 
group V and for any finite group H ^ V I H is either finite or embeds 
in a group of the type A I H' for some finite group H' and where A is 
isomorphic to a free abelian group on \H\ number of generators and 
therefore A is isomorphic to the fundamental group of a flat |i7|-torus. 
Then we can again apply fact 3.1 and theorem A from [11]. □ 

We will also need the following proposition. 
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Proposition 5.5. Let Q be a graph of finite groups. Then ni{Q) sat- 
isfies the FICwF^. 

Proof. By Remark 5.1 we can assume that the graph is finite. Lemma 

3.2 imphes that we need to show that the FICwF^ is true for finitely 
generated groups which contains a free subgroup of finite index. Now 
it is a formal consequence of results of Farrell- Jones that the FICwF^ 
is true for a free group. For details see lemma 2.4 in [10]. Also compare 
fact 3.1 in [11]. Next since is satisfied (Corollary 5.3) using (2) of 
Proposition 5.2 we complete the proof. □ 

A version of Proposition 5.5 can also be proven for FICwF^ using 
the result that the FIC''^ is true for a group which acts on a finite 
dimensional CAT(0)-space from [2]. 

6. Proofs of the Propositions 

Recall that C always denotes a class of groups which is closed under 
isomorphism, taking subgroups and quotients and contains all the finite 
groups. 

The proofs of the Propositions appear in the following sequence: 2.3- 
2.4-2.1-2.2. 

Proof of Proposition 2.3. Proof of (1). Since 1-L\ is continuous by Re- 
mark 5.1 we can assume that the graph Q is finite. 

1(a). Since the graph ^ is a tree and the vertex groups are torsion 
free by Lemma 3.3 the restriction of the homomorphism / : 7ri(^) — > 
Hi{t{i{Q),'L) / {torsion} = A{say) to each vertex group is injective. 
Let K be the kernel of /. Let T be the tree on which tti{Q) acts for 
the graph of group structure Q. Then K also acts on T with vertex 
stabihzers K fl gQv9~^ — (1) where g e 7ri(^) and v e Vg. Hence by 
Lemma 3.2 7^ is a free group (not necessarily finitely generated). Next 
note that A is a finitely generated free abclian group and hence the 
FlCyc is true for A by Corollary 5.1 and by hypothesis. Now applying 
Lemma 5.2 to the homomorphism / : Tri{Q) A and noting that a 
torsion free virtually cyclic group is either trivial or infinite cyclic (see 
lemma 2.5 in [9]) we complete the proof. We also need to use Lemma 

5.3 when K is finitely generated. 

1 (6) . The proof of this case is almost the same as that of the previous 
case. 

Let A = iJi(7ri(^), Z). Now A is a finitely generated abelian group 
and hence the FlCyc is true for A by Corollary 5.1. Next we apply 
Lemma 5.2 to p : 7^i{G) — A. Again by Lemma 3.3 the kernel K of 
this homomorphism acts on a tree with trivial stabilizers and hence 
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K is free. Let V be a virtually cyclic subgroup of A with C < V he 
infinite cyclic subgroup of finite index in V . Let C be generated by t. 
Then the inverse image iV) contains K xi (t) as a normal finite index 
subgroup. By hypothesis the FICwFyc is true for K y\ (t). Now using 
(2) of Proposition 5.2 we see that the FICwFyc is true for p~^{y) and 
in particular the FlCyc is true for p~^{V). This completes the proof of 
1(6). 

1 (c) . Since the graph Q is not a tree it is homotopically equivalent to 
a wedge of r circles for r > 1. Then there is a surjective homomorphism 
P : vri(^) — > where is a free group on r generators. And the kernel 
K of this homomorphism is the fundamental group of the universal 
covering Q of the graph of groups Q. Hence K is the fundamental 
group of an infinite tree of finitely generated abelian groups. Now we 
would like to apply Lemma 5.2 to the homomorphism p : t^i{Q) F^. 
By hypothesis and by Lemma 5.3 the FlCyc is true for any semidirect 
product F" >^ (t), hence the FlCyc is true for by the hereditary 
property. Since is torsion free, by Lemma 5.2, we only have to 
check that the FlCvc is true for the semidirect product K x (t) for any 
action of (t) on K. 

By Lemma 3.3 the restriction of the following map to each vertex 
group of Q is injective. 

Let us denote the range group and the kernel of the homomorphism 
in the above display by A and B be respectively. Since the commuta- 
tor subgroup of a group is characteristic we have the following exact 
sequence of groups induced by the above homomorphism. 

1^ B ^ K x\ (t) ^ Ax\ (t) ^1 

for any action of (t) on K. Recall that K — 7ri(^). Now let K act on 
a tree T which induces the tree of groups structure Q on K. Hence B 
also acts on T with vertex stabilizers equal to 5 fl gQvg~^ = (1) where 
V & Vg and g & K. This follows from the fact that the restriction to 

any vertex group of Q of the homomorphism K ^ A is injective. Thus 
B acts on a tree with trivial stabilizers and hence i? is a free group by 
Lemma 3.2. 

Next note that the group ^4 is a countable infinitely generated abelian 
group. Now we can apply Lemma 5.2 to the homomorphism K xi (t) ^ 
A X (t) (and use Lemma 5.3 if B is finitely generated) and (2) of 
Proposition 5.2 in exactly the same way as we did in the proof of 1(6). 
This completes the proof of 1 (c) . 
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Proofs of 2{i) and 2{ii). Let 61,62, ...,efe be the finite edges of 
Q so that each of the connected components Gi,G2, ■ ■ ■ ,Gn of Q — 
{61, 62, ... , 6fc} is a tree of finitely generated abeUan groups of the same 
rank. By Lemma 3.5 a finite tree of finitely generated abelian groups of 
the same rank has the intersection property. Therefore using Lemma 
4.3 we see that such a tree of groups has residually finite fundamental 
group. 

Now we check that the FICwFyc is true for 7ii{Qi) for i = 1, 2, . . . , n. 

Assume that Qi is a graph of finitely generated abelian groups of 
the same rank (say r). Then by Lemma 3.5 7ri(^j) contains a finitely 
generated free abelian normal subgroup A of rank r so that the quotient 
is isomorphic to the fundamental group of a graph of finite- 
type. Hence by the assumption wtTyc the FICwFyc is true for TTi{Qi)/A. 
Now we would like to apply (3) of Proposition 5.2 to the following exact 
sequence. 

Note that using (2) of Proposition 5.2 it is enough to prove that the 
FICwFyc is true for A'A{t). In case 2{i) this follows from the hypothesis 
and Lemma 5.3. And in case 2{ii) note that A xi {t) contains a rank 
2 free abelian subgroup of finite index. Therefore we can again apply 
(2) of Proposition 5.2 and Lemma 5.1 to see that the FICwFyc is true 
for A X (t). 

Now observe that there is a finite graph of groups TL so that the edge 
groups of H. are finite and vertex groups are isomorphic to 7ri(^j) where 
i varies over 1,2, ... ,n and vri(7Y) ~ 7ri(^). This follows from Lemma 
3.1 since Q is almost a tree of groups. 

Next we apply (1) of Proposition 2.2 (since 7ri{Qi) is residually finite 
ior i — 1,2, . . . ,n) to H to complete the proof of (2). 

Proof of (3). For the proof of (3) of Proposition 2.3 recall that in 
corollary 3.5 in [23] it is proved that the UNil-groups with respect to 
free product with amalgamation decomposition of 7ri(^) along any edge 
group of Q vanish and hence using the discussion before theorem 0.13 
in [1] we complete the proof of (3). Since there is no UNil-groups we 
do not need to tensor the assembly map by Z[i] in theorem 0.13 in 
[1]. □ 

Proof of Proposition 2.4- Lemma 3.1 implies that there is a graph of 
groups Ti. with the same fundamental group as of Q so that the edge 
groups of 7i are finite and the vertex groups are either finite or funda- 
mental groups of finite trees of groups with rank 1 finitely generated 
abelian vertex and edge groups. Now note that by Lemma 3.5 the tree 
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of group (say /C) corresponding to a vertex group of Ti satisfies the 
hypothesis of Lemma 3.4. 

Therefore /C has the intersection property. Also by Lemma 4.4 7ri(/C) 
is residually finite. Since by Corollary 5.3 the FICwF-^ is true for 
virtually cyclic groups we can apply (1) and (3) of Proposition 2.2 to 
complete the proof of the Proposition provided we check that wtT^ and 
are satisfied. By Corollary 5.3 the last condition is satisfied. 

We now check the first condition. So let ^ be a graph of virtually 
cyclic groups with trivial edge groups. Using Remark 5.1 we can assume 
that the graph is finite. Hence by Lemma 6.2 below 'ni{Q) is a free 
product of a finitely generated free group and the vertex groups of Q. 
By Corollary 5.3 the FICwF^ is true for any virtually cyclic group and 
by Proposition 5.5 and Lemma 3.2 it is true for finitely generated free 
groups. Therefore we can apply theorem 3.1 in [18] to conclude that 
the FICwF^ is true for 7ri(^;). □ 

Here we remark that when we applied (3) of Proposition 2.2 in the 
above proof of Proposition 2.4 we only needed the fact that the FICwF^ 
be true for the mapping torus of a virtually cyclic group (sec the proof 
of (3) of Proposition 2.2). We note that for this we do not need Propo- 
sition 5.4, instead it can easily be deduced from the proof of Corollary 
5.3. We just need to mention that the mapping torus of a virtually 
cyclic group is either virtually cyclic or it contains a two generators free 
abelian normal subgroup of finite index (see the following Lemma). 

Lemma 6.1. Suppose a group G has a virtually cyclic normal subgroup 
Vi with virtually cyclic quotient ¥2- Then G is virtually cyclic when 
either Vi or V2 is finite and G contains a two-generator free abelian 
normal subgroup of finite index otherwise. 

Proof. We have the following exact sequence. 

l^Vi^G^V2^1. 

For the first assertion there is nothing proof when V2 is finite. So let Vi 
is finite and V2 is infinite and C is an infinite cyclic subgroup of V2 of 
finite index. Let p denote the homomorphism G ^ V2. Then p~^{C) 
has a finite normal subgroup with quotient C. Therefore p~^{C) is 
virtually infinite cyclic. Let C" be an infinite cyclic subgroup of p~^(C) 
of finite index. Hence C" is also an infinite cyclic subgroup of G of finite 
index. This proves the first assertion. For the second assertion let Vi 
is also infinite and D is an infinite cyclic subgroup of Vi of finite index. 
Then p~^{C) ~ xi C. Since C and D are both infinite cyclic the only 
possibilities for p^^(C) are that it contains a free abelian subgroup on 
two generators of index either 1 or 2. This proves the Lemma. □ 
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Proof of Proposition 2.1. Let T be the tree on which the group tii{Q) 
acts so that the associated graph of groups is Q. For the proof, by 
Lemma 5.2 ((3) of Proposition 5.2) we need to show that the FICc 
(FICwFc) is true for the homomorphism /. We prove (a) assuming Tc 

Let H e C{Q). Note that f~^{H) also acts on the tree T with 
stabilizers f~^{H) fl {stabihzers of the action of ni{Q)}. Since the 
restriction of / to the vertex groups of Q have finite kernels we get 
that f~^{H) n {stabilizers of the action of tti{Q)} is an extension of a 
finite group by a subgroup of if. li C — TXM then these stabilizers 
also belong to C. If C = VC then using Lemma 6.1 we see that the 
stabilizers again belong to C. 

Therefore the associated graph of groups of the action of f~^{H) on 
the tree T has vertex groups belonging to C. 

Now using Tc {wTc) we conclude that the FICc (FICwFc) is true for 
f~^{H). This completes the proof of (a). 

For the proof of (6) and (c) just replace Tc {wTc) by jTc (wfTc) and 
t% {wt^c) respectively in the above proof. Also use the corresponding 
assumption on the edge groups of the graph of groups Q. 

□ 

Corolleiry 6.1. (Free products). Let Q he a finite graph of groups 

with trivial edge groups so that the vertex groups satisfy the FICc 
(FICwFc). IfVc andtTc UtTc) are satisfied then the FICc (FICwFc) 
is true for iTiiQ). 

Proof. The proof combines the following two Lemmas. □ 

Lemma 6.2. Let Q he a finite graph of groups with trivial edge groups. 
Then there is an isomorphism i^iiQ) ~ Gi * • • • * Gn * F where Gi 's are 
vertex groups of Q and F is a free group. 

Proof. The proof is by induction on the number of edges of the graph. 
If the graph has no edge then there is nothing to prove. So assume Q 
has n edges and that the Lemma is true for graphs with < n — 1 edges. 
Let e be an edge of Q. If ^ — {e} is connected then 7ri{Q) ~ 7ri(^i) * Z 
where Qi = Q — {e} is a graph with n — 1 edges. On the other hand if 
Q — {e} has two components say Qi and Q2 then T^iiQ) — 'n'i{Qi)*'n'i{Q2) 
where Qi and Q2 has < n—1 edges. Therefore by induction we complete 
the proof of the Lemma. □ 

Lemma 6.3. Assume Vc and tTc (wt'^c) are satisfied. If the FICc 
(FICwFc) is true for Gi and G2 then the FICc (FICwFc) is true for 
Gi * G2. 
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Proof. Consider the surjectivc homomorphism p : Gi * G2 ^ Gi x G2- 
By (1) of Proposition 5.2 the FICc (FICwFc) is true for d x G2. 

Now note that the group Gi * G2 acts on a tree with trivial edge 
stabihzers and vertex stabihzers conjugate of Gi or 6*2 . Therefore the 
restriction of p to the stabihzers of this action of Gi * G2 on the tree 
are injective. Hence we are in the situation of (c) of Proposition 2.1, 

This completes the proof of the Lemma. □ 

Remcirk 6.1. We recall here that in the case of the FICwF^ the 
Lemma 6.3 coincides with the reduction theorem (theorem 3.1) in [18]. 

Proof of Proposition 2.2. Since the equivariant homology theory is as- 
sumed to be continuous when the graph is infinite, we can assume that 
is a finite graph of groups. 

(1) . By hypothesis the edge groups of Q are finite and the vertex 
groups are residually finite and satisfy the FICwFc. By Lemma 4.1 
7ri(^) is residually finite. Let Fi, F2, ■ ■ ■ ,Fn be the edge groups. Let 
1 ^ g E U^^^Fi. Since i^iiQ) is residually finite there is a finite 
index normal subgroup A''^ of 7Ti{Q) so that g G tii{Q) — Ng. Let 
N — flgguf.jFi^c/- Then is a finite index normal subgroup of 'ni{Q) 
so that n (U^=iFi) = {1}. 

Let T be a tree on which vri(^) acts so that the associated graph of 
group structure on iTiiQ) is Q- Hence N also acts on T. Since N is 
normal in ni{Q) and n (U"^;^Fj) = {1}, the edge stabilizers of this 
action are trivial and the vertex stabilizers are subgroups of conjugates 
of vertex groups of Q. Therefore by Corollary 6.1 the FICwFc is true 
for A^. Now (2) of Proposition 5.2 completes the proof of (1). 

(2) . The proof is by induction on the number of edges. If there is no 
edge then there is one vertex and hence by hypothesis the induction 
starts. Since by hypothesis the FICwFyc is true for C x (t) for C e P 
it is true for C also by Lemma 5.1. Therefore assume that the result 
is true for graphs with < n — 1 edges which satisfy the hypothesis. 
So let ^ be a finite graph of groups which satisfies the hypothesis and 
has n edges. Since Q has the intersection property there is a normal 
subgroup A^ of 7^i{Q) contained in all the edge groups and of finite index 
in some edge group, say Qe of the edge e. Let Qi be the graph of groups 
with Q as the underlying graph and the vertex and the edge groups 
are Qx/^ where x is a vertex and an edge respectively. Then ni{Qi) ~ 
'T^i{Q)/N. Let Q2 = Gi — {e}. It is now easy to check that the connected 
components of Q2 satisfy the hypotheses and also has the intersection 
property. Also, since Q2 has n — 1 edges, by the induction hypothesis 
7ri('H) satisfies the FICwFyc where 7i is a connected component of ^2- 
We now use Lemma 4.3 to conclude that 7ri(7Y) is also residually finite 
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where Ti is as above. Therefore by (1) Tii{Qi) satisfies the FICwFyc- 
Next we apply (3) of Proposition 5.2 to the homomorphism 7ri(^) 
TiiiQi). Note that using (2) of Proposition 5.2 it is enough to show the 
FICwFvc is true for the inverse image of any infinite cychc subgroup 
of 7ri(^i), but such a group is of the form xi (t). Now since 
is a subgroup of the edge groups of Q and T> is closed under taking 
subgroups wc get G as by hypothesis all the vertex groups of Q 
belong to T). Again by definition of V the FICwFyc is true for N x {t). 
This completes the proof of (2). 

(3) . The proof of (3) follows from (2). For the polycyclic case we only 
need to note that virtually polycyclic groups are residually finite and 
quotients and subgroups of virtually polycyclic groups are virtually 
polycyclic. Also mapping torus of a virtually polycyclic group is again 
virtually polycyclic. 

And for the nilpotent case recall from [17] that the fundamental 
group of a finite graph of finitely generated nilpotent groups is sub- 
group separable if and only if the graph of groups satisfies the intersec- 
tion property. Also note that finitely generated nilpotent groups are 
virtually polycyclic. 

(4) . Note that by hypothesis the FICwFyc is true for closed surface 

groups and by [4] closed surface groups arc residually finite. Therefore 
by Lemma 4.5 and by (1) it is enough to consider a finite graph of 
groups whose vertex and edge groups are infinite closed surface groups 
and the graph of groups satisfies the hypothesis. Again by Lemma 
4.5 we have the exact sequence: 1 — > i7 — > 7ri(^) — Tri{G)/H — > 
1. Where H is a closed surface group and 'Ki{Q)/H is isomorphic 
to the fundamental group of a finite-type graph of groups and hence 
contains a finitely generated free subgroup of finite index by Lemma 
3.2. Hence by wtTvc and by (2) of Proposition 5.2 the FICwFyc is true 
for TXi{Q)/H. Now apply (3) of Proposition 5.2 to the homomorphism 
TiiiQ) TiiiQ)/!!. Using (2) of Proposition 5.2 it is enough to prove 
the FICwFyc for if xi {t). Since H is a. closed surface group the action 
of {t) on H is induced by a diffeomorphism of a surface S so that 
7ri(S') ~ H . Hence H xi it) is isomorphic to the fundamental group of 
a closed 3-manifold which fibers over the circle. Therefore, using the 
hypothesis we complete the proof. 

□ 
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7. Proofs of the Theorems 

Proof of Theorem 1.1. By Corollary 2.1 u,/T^ is satisfied and hence 
wtT^ is also satisfied. Next by Corollary 5.3 is satisfied. Therefore 
the proof of (1) is completed using (1) of Proposition 2.2. 

For the proof of (2) apply (&) of Proposition 2.1 and Corollary 2.1. 

□ 

Proof of Theorem 1.2. Corollaries 2.1, 5.3 and (2) of Proposition 2.2 
prove the Theorem. □ 

Proof of Theorem 1.3. Corollaries 2.1, 5.3, Proposition 5.4 and (3) of 
Proposition 2.2 prove (1) and (2) of the Theorem. 

To prove (3) we need only to use (4) of Proposition 2.2, Corollary 2.1 
and that the FICwF^ is true for the fundamental groups of 3-manifolds 
fibering over the circle from [18] and [19]. 

(4) is same as Proposition 2.4. 

The proof of (5) follows from 2{i) of Proposition 2.3, Corollaries 
2.1 and 5.3. Since for the proof of 2(i) of Proposition 2.3 the weaker 
hypothesis that 'the FICwFvc is true for Z" Xl (t) for all n' is enough. 
Further note that this weaker hypothesis is true for the FICwF^ by 
Proposition 5.4. □ 

8. Examples 

We recall some of the known and unknown results about the FIC^'^, 
FIC^, FIC^ and the FIC''^^ which are related to this paper. 
Known results: 

• ^/T^ (Corollary 2.1), ^jT^ ([21]), ^fT^ (theorem 11.4 in [1]) 
(when the underlying ring is regular), (theorem 11.1 in 
[1]) are known. 

• is satisfied (Corollary 5.3). It is known that the FlCwF^ 
is true for any virtually poly-infinite cyclic group (Proposition 
5.4). Consequently, the FICwF-^ is true for Z" xi {t) for any 
n e N. Also see the footnote in Section 1. 

• It is known that if a group G is the limit of a directed system of 
subgroups {Gjjjg/ directed under inclusions and the FIC^(Gj) 
is satisfied for i G / then the FIC^(G) is also satisfied for 
X — P, K or L. See theorem 7.1 in [10]. Compare Proposition 
5.1. And the same is true for the FIC^''^. See proposition 3.4 
and theorem 11.1 in [1]. 

• J^V^ is already known for X = P (Lemma 6.3) and for X = K. 
J^J>^^ is also known ([1]). And in the case of the FIC^, it is 
proved recently in [21]. 
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Unknown results: 

• and are not known. See remark 8.5 in [1]. Also is 
not known for a general situation. Except for some cases which 
we checked in Proposition 2.4. 

• It is not yet proved that the FIC^ is true for F" xi {t) for 
n G NU {oo}. Though some important special cases are known. 
For example if we assume that the action of (t) on F"" (here 
n could be oo) is induced by a diffeomorphism of a surface 
then it is proved that the FIC''^ is true for x (t). Sec [18] 
and [19]. Now for a countable infinitely generated torsion free 
abelian group it was shown in corollary 4.4 in [10] that the 
FICwF^(Z°° X (t)) is satisfied if every nearly crystallographic 
group (definition in [10]) satisfies the FIC'^. 

Below we describe some examples of groups for which we have proved 
the FICwF^ in this article. Furthermore, we show that these groups 
are new and also they are neither CAT{Q) nor hyperbolic. 

Example 8.1. Graphs of virtually polycyclic groups: We con- 
sider an amalgamated free product H of two nontrivial infinite virtu- 
ally polycyclic groups over a finite group. Next we recall that in [6] the 
Fibercd Isomorphism conjecture in the pscudoisotopy case was proved 
for the class of groups which act cocompactly and properly discontinu- 
ously on symmetric simply connected nonpositively curved Riemannian 
manifolds. In the proof of theorem A in [3] it was noted that the con- 
dition 'symmetric' can be replaced by 'complete' if we consider torsion 
free groups. See theorem A in [11] also. We choose polycyclic groups so 
that H does not belong to this class. One example of such a polycyclic 
group S is of the type 1— >Z— ^-S"— >las described below. Here 
Z is an infinite cyclic group. 

Let G be the Lie group consisting of those 3x3 matrices with real 
number entries whose diagonal entries are all equal to 1, entries below 
the diagonal are all equal to 0, and entries above the diagonal are arbi- 
trary. Note that G is diffeomorphic to Euclidean 3-spacc. Let S be the 
subgroup of G whose entries above the diagonal are restricted to be 
integers. Then S is discrete and cocompact. Let E be the coset space 
of G by S. It clearly fibers over the 2-torus with fiber the circle. And 
the fundamental group of E is S which is nilpotent but not abelian. 
On the other hand in [24] it was shown that the fundamental group 
of a closed nonpositively curved manifold which is nilpotent must be 
abelian. This shows that E can not support a nonpositively curved 
Riemannian metric. Now by corollary 2.6 of [13] it follows that S can 
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not even embed in a group (called Hadamard groups) which acts dis- 
cretely and cocompactly on a complete simply connected nonpositively 
curved space (that is a CAT(O)-space). 

Now consider Hi = S x Fi or Hi = S I Hi where Fi is a finite group 
for i = 1,2. Next we take amalgamated free product of Hi and H2, 
H = Hi *F H2 along some finite group F. Then H does not embed 
in a Hadamard group as before by corollary 2.6 in [13] and H is not 
virtually polycyclic. But H satisfies the FICwF^ by (1) of Theorem 
1.1 and Proposition 5.4. 

Example 8.2. Graphs of residually finite groups with finite 
edge groups: Let S be the fundamental group of a compact Haken 3- 
manifold which does not support any nonpositively curved Riemannian 
metric. Such 3-manifolds can easily be constructed by cutting along an 
incompressible torus in a compact Haken 3-manifold and then gluing 
differently. See [13] for this kind of construction. Next let Hi and H2 
be two residually finite groups for which the FlCwF^ is true and such 
that S is embedded in Hi. It is easy to construct such Hi, for instance 
take Hi = S*G*Fi ot Hi = (S xG)lFi or any such combination where 
G is a finitely generated free group and Fi is a finite group. By the 
same argument as in Example 8.1 (and using [18] and [19]) it follows 
that H — Hi *F H2 (along some finite group F) satisfies the FICwF^ 
but is neither virtually polycyclic nor embeds in a Hadamard group. 

Example 8.3. (Almost) a tree of finitely generated abelian 
groups where the vertex and the edge groups of any compo- 
nent subgraph have the same rank: Fundamental group of such a 
graph of groups can get very complicated, for example in the simplest 
case of amalgamated free product of two infinite cyclic groups over an 
infinite cyclic group, that is if = Z*zZ produces the torus knot groups 
where the two inclusions Z ^ Z defining the amalgamation are mul- 
tiplications by p and g, (p.q) = 1- Though the FlCwF'^ is known for 
knot groups ([18]), most of the other groups in this class, as far as we 
know, are new for which we prove the FICwF^. 

Let us now note that the group H considered in the above examples 
is not hyperbolic as it contains a free abelian subgroup on more than 
one generator. 

Remark 8.1. We conclude by remarking that in this paper theorem 
4.8 from [8] (Proposition 5.4) is used in the proofs of (1), (2) (when 
the polycyclic or the nilpotent groups are not virtually cyclic), (3) and 
(5) (when the ranks of the abelian groups are > 2) of theorem 1.3. 
See the proof of Corollary 5.3 and the discussion after the proof of 



30 



S.K. ROUSHON 



Proposition 2.4. In this connection we note here that using the recent 
work of Bartels and Liick in [2] all the results in the Introduction of this 
article can be deduced in the L-theory case of the Fibered Isomorphism 
conjecture. The same proofs will go through. But for this we need to 
use the L-theory version of theorem 4.8 in [8] in the proofs of the 
particular cases of the items of theorem 1.3 as mentioned above. 
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